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Abstract. In this note we studied the primitive varieties of general type 
with q(X) = dim(X) and non-birational bicanonical maps. Let X be such 
a variety. We bounded the degree of its bicanonical map (Theorem 14. 8^ . If 
moreover the Albanese variety Alb(X) is simple, we proved that the Euler 
number xi^x) = 1> and |2i<"x| separates the points mapped to the same 
general point via the Albanese map (Theorem II. H . 



1. Introductions 

Let X be a smooth complex projective variety of maximal Albanese dimension 
(m. A. d. for short) and of general type. Recall that 3Kx is generically very 
ample: the case when xi^x) > is proved in |CH2j . and the case when x(ojx) = 
is proved in [JMTj . It is interesting to consider the birationality of its bicanonical 
map. Here we recall the following results. 

With the notations above, assume moreover that the bicanonical map of X is 
not birational. 

I If X is a surface, then either X presents the standard case, i.e., has a 
fibration of genus 2, or 

(i) if q(X) > 2, then X is birationally equivalent to a theta divisor of a 
principal polarized Abelian variety (p. p. a. v. for short) of dimension 3 
(cf. JCCM]); 

(ii) if q(X) = 2, then X is birational to a double cover over a simple 
Abelian surface A branched along a symmetric divisor B G |20| where 
(A, 9) is a principal polarization (cf. [HUM] . [CFM| . [CM] i. 

II (i) If A is a primitive variety (cf. Def. I2.8|) with q(X) > dim(X), then 
then it is birational to a theta divisor of a p. p. a. v. (cf. [BL NPj V 
(ii) For general cases, gv(vx) < 1 an d the Albanese image is fibred by sub- 
varieties of codimension at most 1 of an Abelian subvariety of Alb(X) 
(cf. [Lah] L 
We remark that 

• About the bianonical map of a non-primitive variety, we know little except 
By generic vanishing theorem (cf. Theorem I2.5j) . a non-primitive 
variety has some natural irregular fibrations. Obviously, if X has a fibration 
with general fibers having non-birational bicanonical maps, then X has 
non-birational bicanonical map. If X has a fibration, we should consider 
the bicanonical maps of its general fibers first. Therefore, to study the 
bicanonical map, it is an important step to study the varieties having no 
"natural" fibrations, say, primitive varieties or those with simple Albanese 
varieties. 
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• is a generalization of and the method in |BLNP| . as a gener- 
alization of the paracanonical system used in |CCMj . is more general and 
algebraic. 

• When studying the bicanonical map of a surface with q{X) — 2, combining 
the results of |CCMj and [CFM] shows that p g (X) < 3, i.e., p g (X) = 2 
(equivalently xi u x) = 1) if X does not present the standard case; and 
[CM] considered the case when p g (X) = q(X) = 2. 

• For primitive varieties, the case when dim(X) = q(X) is still unknown, it is 
conjectured that when Alb(X) is simple, X is birational to a double cover 
over Alb(X) branched along a symmetric divisor B E |20| where (A,Q) is 
a principal polarization (see also [Lahj ). 

In this paper, we will consider the case when dim(X) — q(X), the main result 
is the following theorem. 

Theorem 1.1 (Theorem l4.12ir4.14p . Let X be a smooth complex projective variety 
of general type with q(X) = dim(X) and maximal Albanese dimension. Suppose 
that its bicanonical map is not birational and that Alb(X) is simple. Then xi^x) — 
1, and the linear system \2Kx \ separates the points mapped to the same general point 
via the Albanese map. 

This paper is organized as follows. Section [2] is for the definitions and technical 
results used in this paper. In Section [3J we studied a special map between two 
irregular varieties, and got a relation between their Euler numbers. And in Section 
131 we studied the bicanonical maps of primitive varieties and proved our main theo- 
rem. Finally, in Section [5] as an appendix, we gave an inequality on the irregularity 
of a fibration, and studied the case when the equality is attained. 

Conventions: 

• The varieties are assumed over C. 

• For a variety X and a vector bundle E on it, V X (E) is defined as Projo x (® k S k (E*)), 
and 0p x (£)(l) denotes the anti-tautological bundle. 

• Let / : X — > Y be a morphism between two smooth projective varieties, 
denote by D h (X) and D b {Y) their bounded derived categories of coherent 
sheaves, and by i?/* and Lf* the derived functors of /* and /* respectively. 
For E e D b (X), E* denotes its dual RHom(E ', O < x ) , and we say that E is 
a sheaf if it is quasi- isomorphic to (=) a sheaf in D b (X). 

• If X = X\ x X2 x ... x X r denotes the product of r varieties, then pi denotes 
the projection from X to the i-th factor JQ. 

• If A denotes an Abelian variety, then A denotes its dual Pic (A) , V denotes 
the Poincare line bundle on Ax A, and the Fourier-Mukai transform : 
D b (A) -> D b (A) w.r.t. V is defined as 

m v (T) := R(p 2 )*{LplT ®V); 

similarly R^ v : D b (A) -> D b (A) is defined as 

R9/ V (F) := R{pi)„{Lp* 2 F®V) 

For a sheaf J- on an Abelian variety A, if i?$-p(J r ) = R°<fr-p(F), we say T 
satisfies IT . 

• If a : X — > A denotes a map to an Abelian variety, then V a '■= (a x id x)*V, 
and for JF G D b (X), i?$-p a (J r ) is defined similarly; and if a G A, we often 
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denote the line bundle a* a £ Pic°(X) by a for simplicity. If X is an 
irregular variety, we usually denote by ax ■ X —> Alb(X) the Albanese 
map. 
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tions to Prof. Jinxing Cai and Dr. Wenfei Liu for many useful discussions. He also 
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appearing in the appendix and Sofia Tirabassi for some suggestions. Finally, the 
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2. Definitions and technical results 

In this section, we list some definitions and results which will be used in this 
paper. 

2.1. Fourier- Mukai transforms. 

Theorem 2.1 ( |Muj . Thm. 2.2). Let A be an Abelian variety of dimension d. 
Then 

m v o m v = (-i)* A [-d], r$ v o m v = (-i)* A [-d] 

and 

m v o (-i)^ s o m Vl m v (-iy A ~ (-1)^ m v 

Using Grothendieck duality, by the theorem above we have 

Corollary 2.2. Let A be an Abelian variety, E an object on D b (A), and F — 
R<f> v (E)*. Then 

R$> V (E) = F* , R^ P (F) = E* 
Proof. Please refer to [Zhj for a detailed proof. □ 

2.2. GV sheaves, M-regular sheaves and their properties. 

Definition 2.3 f[PP], Def. 2.1, 2.8, 2.10, [CH2] . Def. 2.6). Given a coherent sheaf 
J- on an Abelian variety A, its i-th cohomological support locus is defined as 

V\T) := {a e Pic°(A)\h 2 (F ® a) > 0} 

The number gv^) := mirii>o{codimp ic o( A )V l (J 7 ) — i] is called the generic van- 
ishing index of J- , and we say T is a GV sheaf (resp. M — regular sheaf) if 
gv(T) > (resp. > 0). 

Let X be an irregular variety equipped with a morphism to an Abelian variety 
a : X — > A. Let J- be a sheaf on X , its i-th cohomological support locus w.r.t. a is 
defined as 

V l (T,a) := {a € Pic c \A)\h l (X , I ® a) > 0} 

We say J- is continuously globally generated (CGG) w.r.t. a if the sum of the 
evaluation maps 

evu : ® a euH°{F ® a) ® (a -1 ) -> T 
is surjective for any open set U C A. 

Proposition 2.4 ( |PPj . Thm. 5.1). An M-regular sheaf on an Abelian variety is 
CGG. 
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2.3. Generic vanishing theorem. Recall generic vanishing theorem due to Green 
and Lazarsfeld: 

Theorem 2.5 QGLlj . |GL2j ). Let X be a smooth compact kahler manifold, d = 
q{X), n = dim(X) and k — dim(a x (X)). Then 

(i) codim Plc o (x) (V l (uj x ,a x )) >k-n + i. 

(ii) Let Z be a component of V 1 {ujx , a x ) of positive dimension. Then Z is a 
subtorus of Pic (X), and there exists an analytic variety Y of dimension 
< n — i and a dominant map f : X — > Y such that Z C a + f* Pic°(Y) 
where a is torsion. 

(hi) Y has maximal Albanese dimension. 

(iv) Let a S V(uix,ax) and v £ H 1 (Ox) = T a Pic°(X). The derived complex 

is exact if v is not contained in the tangent cone TC a V l (uix,ax) to 
V t ((jJx, ax) at a. 

Corollary 2.6. Let X be a smooth projective variety of m. A. d.. Then 

(i) h l (ujx &> oc) = h' L ((ax)*ux ® a) for a 6 Pic°(X),i > 0, and (ax)*^x is 
a GV sheaf, in particular h l ((ax)*ux ® a) — if a is sufficiently general 
and i > 0; 

(ii) R<fr-p((ax)*Ox)[d] = R d Q-p((ax)*Ox) is a sheaf, which we denote by Ox; 
(hi) R^ v ((a x )^x) = (-l)* Pic0(x) £xt i (olc > O Pic0{x) ); 

(vi) p g {X) > xK). 

Proof. Note that R(a x )*uj x — (ax)*^>x since ax is generically finite. Then using 
Grothendieck duality and projection formula, the assertions (i), (ii), (Hi) follow 
from Theorem I2.5[ please see |Ha] Thm. 1.5, 4.1 and Cor. 3.2. for the details. 

For (vi), take a general v € ^(Ox) = T 6 Pic°(X). Theorem [23] (iv) tells that 
the derived complex D v 

^ H°(O x ) H\Ox) ^H n -\O x ) H n (O x ) 

is exact except at the right-most term. This implies that the cokernel of the 
right-most map is a linear space of dimension x(wx), and on the other hand, that 
map is nonzero since X is of m. A. d., then we conclude that p g (X) — h n (Ox) > 
X(ux)- □ 

Proposition 2.7. Let a : X —f A be a generically finite morphism from a smooth 
projective variety onto an Abelian variety A. Suppose that \(^x) > 0. Then for 
any n > the pluri- canonical map 4> n K x does not factor through a rationally. 

Proof. We only need to consider the canonical map. Obviously p g (X) > 1 by 
Corollary |2.6l (iv) since X is of m. A. d., so the canonical map <f>K x is n °t constant. 

Assume by contrary that <pK x = 9 ° a where g : A — » pPsW -1 . By blowing up 
X and A, we get a model 

god : X -> A -> pPf^)" 1 

such that both the maps g and a are morphisms and 

\K X \ = (g o a)*|C p p 9(J0 -x(l)| + F = a*\M\ + F 

Denote by R the ramification divisor of X — > A. Then K x = R + a*E where E 
is exceptional w.r.t. the blowing up map A — > A. So we can find M € \M\ such 



ON THE BICANONICAL MAPS OF PRIMITIVE VARIETIES WITH q(X) = dim(X) 5 



that R + a*E — a*M is an effective divisor. However, since M is not contained in 
E and R — a*M is effective on a _1 (A — E), we get a contradiction by use of the 
property of the ramification divisor. □ 

Definition 2.8 ( |Caj . Def. 1.24). Let X be an irregular variety of m. A. d.. It is 

called primitive if V l (u>x, ax) is composed of at most finite points for i > 0. 

2.4. Universal divisors and separation. Here we recall some results of |Zhj Sec. 
3, and we omit the proof. 

Theorem 2.9 (Theorem 2.10 in [Zhj ) . Let X and Y be two projective normal 
varieties, and C a line bundle on X x Y . Assume E = (j>2)*C is a vector bundle 
and put P = Py (E) . Note that there exists an open set U C P parametrizing the 
divisors in \C y \,y G Y. Denote byVcXxU the universal family. Then its closure 
T> C X x P is a divisor, and 

V=p*C®q*0 P (l) 
where p, q denote the two projections p:XxP^>-XxY, q : X x P — > P. 

Let E be an LT° sheaf on an Abelian variety A. Let P = F A (E*), P = 
V A (R$v(E)), n = rank(E) and m = rank(R$ v (E)). tt : P -> A and tt : P -t A 
denote the natural projections, which coincide with their Albanese maps respec- 
tively. We denote by V the pull-back (tt x tt)*V of the Poincare bundle on A x A. 

We identify P (resp. P) with the Hilbert scheme parametrizing the divisors in 
{\Op{\) ®a\\a G Pic°(P) = A} (resp. {\O p {\) ® a\\a G Pic°(P) = A}), and 
denote by y C P x P the universal family. 

We have 

• y =plO P {l)®p* 2 Op{l)®V (by TheoremE!]); 

• identifying a divisor in |0p(l) <g> a\, a G A with a point in P, for every 
x G P, y x parametrizes all those divisors passing through x; 

• y x = y v <FS- n(x) = ir( y ), y x = y y ^x = y. 

And we can write that 
(2.1) y x = %, + V x and V x = Vl + ... + VI 

where H. x is the horizontal part (if m = 1 then % x = 0), V x = tt*V x is the 
vertical part (V x = if 3-x is irreducible), and the V x = 7t*V x 's are the reduced 
and irreducible vertical components (two of them may equal). In fact there is a 
decomposition y = H + V such that for general x G P, y x = H x + V x . 

Lemma 2.10 (|Zh , Lemma 3.3). Let x, y G P be two distinct points. Write that 
y x = Mx + V x and y y = TL y + V y as in \2.1\ Then the following conditions are 
equivalent 

(a) | Op (2) | fails to separate x,y; 

(b) n x = H y and Supp(V x + (-1)* A V X ) = Supp(V y + (-1)*^). 

3. The maps between two irregular varieties 

First we introduce the following theorem (the results may be known to experts, 
in particular the last assertion also appeared in |BLNPj Prop. 4.10). 
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Theorem 3.1. Let a : X —> A be a generically finite morphism from a smooth 
projective variety to an Abelian variety. Suppose that dim(X) — dim(A) — d > 2, 
a* : Pic°(A) Pic a (X) is an embedding and that V 1 (ujx) is composed of at most 
some isolated points for i > 0. Then R dl i'-pR ^>-p(a :t ujx) is M-regular, and there 
exists an exact sequence 

(-l)* A R d ^ v RH r (a^ x ) ->• a*oj x -^O A ^0 
Moreover, if X is not birationally equivalent to A, then \{ujx) > 0. 

Proof. For i > 0, let r, = R l ^-p(a te ujx)- Then Tj is supported on some isolated 
points by assumption, thus R? '\I> -p R 1 &-p(a*uj x) — except when j = 0. And recall 
that r d = C(6) (Proposition 6.1 in jBLNP] ). 

Consider the spectral sequence arising from (— ly^^R^ -p R<$>-p(a*uj x) — a*uix[—d] 
(by Theorem |2T|. We obtain 

{-l)* A R l ^ v R°^ v {a^x) = 0, i = 0, 1 

(-l) A R l ^ v R ^ v (a,oj x ) S (-1)VR°**t<_i i = 2,3,...,d-l 

and 

-> (-1)^*7,^-1 -> (-l)^i? d ^i?°$p(a^ x ) -> a*cjx -> d -»• 
Let's show that R d ^ v (R°^ v (a*u} X )) is M-regular. By 13.11 we have 
R^ v R l ^ r (R°^ v {a,ujx)) = 0, i = 0, 1; j = 0, 1, ... 
P d $ P R l (P° $ P (a*w x ) ) 
(3.2) = R d <5> v R ^ V T l - 1 = (-l)^Ti_i i = 2,3,...,d - 1 by Theorem 

i? 3 ; $-p P l * P (P° $ P (a* ) ) 
= R j ^ P R a ^ V Ti-i ^ i = 2,3,..., d- l,j ^ d 
Then applying the spectral sequence arising from 

R<f> v Ry v {R <f> v (a*ujx)) = (-l)* A R°<f>v(a*ux)[-d] 
by 13.21 we obtain 

R a <$> v R d ^ v {R°<$> v {a^x)) = (-l)* A R <Pv{a*Lo x ) 
W^ v R d ^ v (R°^ v (a^ x )) 

(3 3) 

= R d ^ v W +1 ^ v {R^ v {a,LOx)) = (-l)* A Tj ] = 1, 2..., d - 2 

R j <S>T,R d V v (R <S> v (a*u} X )) ^0 j = d- l,d 

Then we find that gv(R d ^ v (R $-p(a*u] X ))) > 2. 

If X is not birationally equivalent to A, then deg(a) > 1. We have proved 
(— l)^-R d \E f pi?°<I?-p(a»cJx') is mapped to a rank deg{a) — 1 subsheaf of a,ux, so 
P<%p(P°$.p(a*u>x)) 7^ 0. Since P d %>(P°$ P ( a *wx)) is M-regular, hence is CGG, 
it follows that h°(a*w x ® a) > for general a e Pic (A). Therefore, x( w x) = 
= x( ft * w x® a ) = /i°(a*wx®a) > since Ra^ux — a,wx and h l (a*(jJx® 
a) = for i > and general a. □ 

Theorem 3.2. Lei ir : X —y Z be a generically finite morphism between two smooth 
projective varieties of m. A. d.. Suppose that the Albanese map ax factors through 
n. Then x{uj x ) > x(^z)- 

If moreover it is not birational, and one of the following holds 
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(i) gv(uj x ,a x ) > 1; 

(ii) X is primitive, 

then x(ux) > xi^z)- 

Proof. By the universal property of Albanese map, we find that Alb(X) = Alb(Z) 
and ax — az ° 7T. Denote by ^4 their Albanese variety in the following. 

Note that ljx/z is effective since it is generically finite and Z is smooth by 
assumption. Fixing a section of ujx/z, we can define a morphism tt*loz — > ojx- 
Pushing forward via tt, we get a morphism Tt*Tt*Luz — > 7r*wx; composing with the 
natural morphism ujz — > n*Tr*u>z, we get ujz — > tt*ujx', then pushing forward via 
az, we get p : [az)*^z ~* i a x)*<- L >x- For every a € A, p induces an inclusion 

p a : H°(A, (a z )*uz ®a)^- H°(A, {a x )*ujx ® a) 

and it follows that xi^x) > xi^z) from generic vanishing theorem. 

For the remaining assertion, suppose that deg(ir) > 1, and x(^x) = xi^z) by 
contrary. We can find a Zariski open set U C Pic (A) such that for a G U, p a is 
an isomorphism. Consider the following commutative diagram 

Q >a< - u H {A,(a z )*uJz®u) ® a" 1 (az)*w z 

$ a£( ,H°(A(ox),w x ®a) ® a" 1 

The vertical map a£(J p Q (8) a -1 is an isomorphism, so it follows that the image 

•v? Im(evjj) = Im(p o eu^) 

In Case (i), the bottom evaluation map evjj is surjective by Proposition 12.41 
so is p : (az)*uz — > (ax)*ux by V. This is impossible since rank((az)*wz) = 

rank((ax),u x ) 
deg(w) ' 

In Case (ii), we may assume dim(X) = q(X) = d. In Theorem 13. 1[ we get a 
natural homomorphism 

7? : {-Vf A B! l * v EP§ v {{ax)*ux) ->■ (a x )*u x 

which induces a map 

Tja : H°{A, (-l) A R d f v R°<S> v {{a x )*0Jx) <8 a) -> #°(A> (a x )*o;x ® a) 

Then consider the following commutative diagram 

ae£/ if°(A, {a x )*ux®a)®a- 1 &vv ) (a x )*Ux 

The top evaluation map ev'{j is surjective since (— l) A R di &'pR $>-p((a x )*u) X ) is 
M-regular, then Theorem 13 . 1 1 implies that rank(Im(r)oev'^)) — deg(ax)~l- By the 
commutative diagram above, we deduce that rank(Im(evu)) > deg(ax) — 1, and 
then rank((az)*0Jz) > rank(p((az)*u>z)) > deg(ax) — 1 by ( v l . On the other hand 
ranfc((a z )^z) = ra " fc ^g;" x) = ^g^f We conclude that ^(tt) = deg(a x ) = 
2, then Z is birationally equivalent to A, hence xi^x) > xi^z) = 0. 

Finally we prove our theorem. □ 
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Remark 3.3. Theorem \3.2\ is proved by Tirabassi in case (i) with a milder as- 
sumption ( \Ti\ Prop. 5.2.4). And a weaker version also appears in [CLZj . there 
which is applied to study the automorphism groups inducing trivial actions on the 
cohomology of irregular varieties. The key point is that the variety and the quotient 
variety (modulo that group) have equal Euler numbers, the interested readers can 
refer to [CLZ]. 

4. BlCANONICAL MAPS OF PRIMITIVE VARIETIES WITH dim(X) = q{X) 

4.1. The results of [BLNP . In this section we will recall the main results of 
BLNPj. We begin with a hypothesis. 

Hypothesis 4.1 (Hypothesis 4.7 in BLNP ). Let X be a variety of dimension d, 
equipped with a generically finite morphism to an Abelian variety a : X — > A such 
that: 

(a) codim^(V l (a*(u)x))) > i + 1 for all i such that < i < d; 

(b) the map a* : Pic (A) — > Pic°(X) is an embedding. 

Let a : X — > A satisfy Hypothesis 14.11 and Uq = A — V 1 (u>x,a). For a general 
pel, define 

B a (p) := {a G Uo\p is a base point of \lox ® ct\} 

Theorem 4.2 (Theorem 4.13, Corollary 4.14 in [BLNP]). Let X be a variety of 
general type satisfying Hypothesis \4-l\ Then 

(a) If B a (p) is of codimension > 1, then I p ®lox is CGG. 

(b) //, for a general p G X , I p <8> lux is CGG, then io\ ® ct is generically very 
ample for all a G A. 

The main theorem of [BLNP is 

Theorem 4.3 (Theorem A in |BLNPj ). Let X be a smooth projective variety of 
maximal Albanese dimension and of general type. Assume moreover that X is 
primitive and that dim(X) < q(X). If the bicanonical map of X is non-birational, 
then X is birationally equivalent to a theta-divisor of an indecomposable p.p.a.v.. 

Considering a morphism to an Abelian variety a : X — > A instead of ax, with 
additional conditions, we get 

Corollary 4.4. Let X be a smooth projective variety of general type equipped with 
a generically finite morphism a : X — » A to an Abelian variety A. Suppose that 

(i) V l {tox, a) is composed of at most some isolated points for i > 0; 

(ii) dim(X) < dim(A) and a* : Pic°(A) — > Pic°(X) is an embedding; 

(iii) for general a G A, \ujx ® o\ = \M\ + F a where M is the moving part which 
is independent of a and F a is the fixed part. 

Then X is birational to a theta divisor on A. 

Proof. Note that [BLNP] Sec. 5.1 and 5.2 are in fact devoted to proving the as- 
sumption (iii). So arguing as in BLNP] Sec. 5.3 and 5.4, we prove the corollary. □ 
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4.2. The degree of the bicanonical maps. 

Assumption-Notation 4.5. From now on, let X be a smooth projective primitive 
variety of general type such that q(X) = dim(X) = d > 2. Denote by a : X — > 
A the Albanese map (which obviously satisfies Hypothesis \4-l\ ). Suppose that the 
bicanonical map (f> : X -~ » p p 2(A)-i j s no i birational. 

Lemma 4.6. Let the notations and assumptions be as in \4-.5\ Then 

R <f> Va (u x ) = O a {-D)® x ^ x) 

where D is an ample divisor on A. 

Proof. We follow the proof in [BLNPj Sec. 5. Note that Theorem lL2l holds in this 
case. By the same argument as in |BLNPj Sec. 5, we can prove that for general 
a G A, \uix ® ot\ = \M\ + F a , then get a divisor T on X x A such that T a = F a for 
a G Uq. It follows that 

= XxA {T) ® pl{uj x l ® M)®p* 2 A {-b) 

where D is a fiber T v for some pel. Then we get an exact sequence 

-> p- 1 -> ® M _1 ) ®p* 2 A {D) -> (8 M" 1 ) ® -> 

Applying R d (p2)* to the sequence above, we obtain the following exact sequence 

(4.1) -> t -> (-l)^S^ -> O a (£))®^(^) -> r' -»• 
where 

(a) The rank x( w a) m the third term appears because h d (u>x ® M" 1 ) = 
/»°(M)=x(wjc). 

(b) r' is supported at the locus of the a € A such that the fiber JF a of the 
projection p2 '■ T A has dimension d. Such locus is contained in the 
union of V 1 (oj x , a),i > 0, hence is finite. 

(c) Since (— l)*~Ox (cf. Corollary 12.61 (h)) also has rank %(wx), the kernel 
of the map (-1)*jO^ -)• O i (£))®x(^x) is the torsion part r = ft (6) of 
(-l)^O^ (cf. Prop. 6.1 in [BLNPj ). 

(d) Applying m v to Sq. ED since R9 v (t'),R^ v (t) and R$ v ((-l)* A O x ') = 
a^Ox (by Theorem 12. 1[) are all sheaves on A, using spectral sequence gives 
that R^ v (O a (D)® x ^ x ^) is also a sheaf, hence D is an ample divisor on 
A. 

Note that £xt i (Q A (b)®*^ x \ O a ) = except when i = 0, and that £xt l (r, O A ) = 
£xt l (r' , O a ) = except when i = d since the support of r and t' is of codimcnsion 
d. By Corollary [2J] (in), ff$ Po (w x ) = (-l)* A £xt i (O x ',G A ). Applying £xt(*, O a ) 
to Sq. 14.11 and considering the corresponding spectral sequence, we conclude that 

&*T> a (wx) = {-l) A £xt {O x ',O A ) s O a {-D)®^^ 

□ 

Let J5 = (-i) A R d y v R°<$>-p a (u)x) = (~l) A R d ^v{0 A (~L)) ex(uJx) ). Then i5 is 
an IT sheaf, and Theorem 13 . 1 1 gives an exact sequence 

(4.2) E a„uj x -> O a -> 
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and P°$p(P) = R°$ Va (ujx). 

Let P = P A (R <f> Va (u x )) = P A (R°<£>v{E)), and let P = P A {E*). Note that P is 
one component of the Hilbcrt scheme parametrizing the divisors in \Kx®oi\,a 6 A. 
Let /C C X x P be the divisor presenting the universal families. Let the notations 
V, y, it and 7T be as in Sec. 12.41 By Theorem 12.91 we have 

K = ptoJx <E>V a <E> p* 2 O p (l) and y = p\0 P {l) ® p* 2 Op(l) ® P 

Comparing the two relations above, for a general x G X, JC X is a fiber of 3? — > P. 
So we can define a rational map 

h : X --• * P via a; i— > /C^ 

We can assume /i is a morphism up to some blow-ups, and find that 

>c = (hx id)*y ®pIOx{f) 

where F is an effective divisor on X. It follows that h*Op(l) + F = ljx- 

Lemma 4.7. Let all the notations be as above. If the Albanese map of X is not of 

degree 2, then h : X — > P is an embedding generically. 

Proof. Note that the relative map h : X/A —> Pj A is induced by the homomorphism 
E — s- a*h*Op(l). On the other hand, by h*Qp(l) + F = wx, we can define a 
homomorphism h*Op(l) — > cox, in turn we get a homomorphism a* ft* Op (1) — > 
a^ujx- Then applying P°$to to the composed homomorphism E — > a^h* Op{\) —s- 
a^uix gives the composition 

R?$ V {E) -> R°<f> v (a*h*Op(l)) -> P°$ P (a„a;x) 

By the argument above, we find that the composed homomorphism above coincides 
with the Fourier-Mukai transform of the homomorphism ip : E — > a^wj^ in !4.2l so ip : 
E — > a^ojx coincides with the composition E — > a,/i*Op(l) — > a^ojx- Therefore, 
rank(E — > a*h* O 'p(l)) > n — 1 by Theorem 13.11 where n = rank(a*uix) = deg(a). 
Note that the natural map h(X) — > A is of degree > rank(E — > a*h*Op(l)) > n—1, 
hence deg(h) < — zr- Then the theorem follows easily since n > 2. □ 

By the proof of Lemma 14.61 we can write 
(4.3) K = p\{M + F) + {id x x tt)*V 

where 

• \M\ is the moving part of \ujx <8> ot\ for general a £ A; 

• F is the common fixed part of \u>x ® a\ for general a G A; 

4 V = P — p*P C X x A, from the definition of F and (&) in the proof of 
Lemma 14.61 each of its components is dominantly mapped to X and A via 
the natural projections. 

So we can write K x = M + F + V such that | Kx ®a\ = M \ + F + V a for general 

aei. 

Fixing a general point x G X — P, we can write K. x = TL X + tt*V x where T-L x is 
the horizontal part (if m = 1, then T~L X = 0), which parametrizes the divisors in 
| AT | passing through x, and 14 = V x + ... + V X (the are reduced and irreducible 
components, and two of them may equal). 

Theorem 4.8. Using the notations above, the degree of the bicanonical map of X 
is < 2 r . 
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Proof. Let x,y £ P be two distinct points such that 0p(2)| fails to separate them. 
If V x = + ... + V£ as above, then Lemma EUS tells that 

rL x = Tty 

and 

Vy = ((-1)2)*^ + - + ((-lYiTV x r , for some e t G {0, 1}, i = 1, 2, r 

which has 2 r possibilities. 

If h is an embedding generically, then we are done since 2Kx > ft.* Op (2). So 
we assume the opposite, then both the Albanese map and h are of degree 2 by 
Lemma |4"77I they are in fact birationally equivalent. Since the restriction of |0p(2)| 
on h(X) defines a map of degree < 2 r , it suffices to show that the bicanonical map 
does not factor through h or a rationally. This follows from Proposition 12.71 □ 

Theorem l4. 81 gives an upper bound to the degree of the bicanonical map involving 
the number of the irreducible components of V x . This bound is optimal by the 
following example. 

Example 4.9. Let 

• A = A\ x A2 x ... x A r be the product of r principal polarized Abelian 
varieties with 0j the symmetric theta divisor on A4; 

• B = p*B% + ... +p*B r where Bi G |20j| is a smooth divisor on Af/ 

• L = pi(e 1 ) + ...+ P ;(e r ) ; 

• Y — > A the double cover given by 2L = B; 

• X —> Y a smooth resolution. 

Note that Y has at most canonical singularities since B is a reduced simple normal 
crossing divisor. We denote by n : X — » Y — > A the composed map which coincides 
with the Albanese map. Then we have lux = 7r*(p*©i + ... +p*Q r ), thus tt^lox — 
O a © A (p*@i + ...+p* r B r ) and -k^\ = A (p{®i + ... +p*® r ) © O a (B). Since 
\B\ defines a morphism of degree 2 r on A, andp\Q\ + ... +p*Q r and the divisors 
in \B\ are all symmetric, the degree of the bicanonical map of X is 2 r . 

On the other hand, we can write that V = V 1 + V 2 + ... + V r where V 1 is the 
pull-back of a divisor on A4 x A; via the projection A X A — > A4 X Aj (details are 
omitted), hence for general x G X , V x has r irreducible components. 

Remark 4.10. Theorem \4-8\ is analogous to Corollary 3.4 in [Zhj . There the author 
proved that for the projective bundle P — Fa {E* ) with E an IT vector bundle on 
A, Op(2) is not generically very ample if and only if y is reducible; the degree of 
the map defined by |Op(2)| is 2 r , and the number r > 1 implies that A and E split 
flZh] Theorem 1.2, 3.5). 

It is expected that in our situation A splits ifr > 1, for this, Example \4- 9\ provides 
an evidence. 

If A is not simple, then X has irregular fibrations, so the case when A is simple, 
is of special interest. 

4.3. The case when A is simple. In this section, let the notations and assump- 
tions be as in the previous subsection, and assume that A is simple (this implies 
that X is primitive). 

Proposition 4.11. V is irreducible. 



12 



LEI ZHANG 



Proof. We argue by contrary. Suppose that V = V 1 + V 2 is reducible. Note that 
both V 1 and V 2 are mapped dominantly to X and A. Fixing a general ao, we 
define two maps t, : A —> A via a h-> V l a — V l ao with V l a — V l ao seen as an element 
in A, which extend to two morphisms. We claim that neither of the two maps 
are constant. Indeed, say i\ is constant, then for a general a G A V* = V* , so 
Vl + V 2 = Vl + V 2 G |V Q0 |, on the other hand V* ^ V* D since V 1 is dominant 
over X (by this contradicts that V ao is contained in the fixed part of \wx ®ocq\. 
Therefore, both the two maps are surjective since A is simple. For general a G A, 
there exist ot\, a-i € A such that ti(ai) = a, ^2(02) = a . Then we conclude that 

V r , = V 1 + V 2 = V 1 + V 2 

Similarly, a contradiction follows, and we are done. □ 

Theorem 4.12. The Euler number xi^x) = F 

Proof. By contrary assume that xi^x) > 2. So the moving part \M\ of \u>x <8> a\ 
is non-trivial. We can assume the map defined by \M\ is a morphism up to some 
blowing up maps, and denote it by /. Fet / = I o g : X -> Y -> px("x)-i ^ e the 
Stein factorization. We will derive contradictions below. 

Step F \uix(M) (8 a\ = \H\ + V a where H is independent of general aei 
For general x G X, define the locus B x :— {a G A\x is a base point of \u>x(M) €5 
«|}- 

If is of codimension 1, using the argument in [BFNPj Sec. 5.1, for general 
a G A, we can write |wjc(M) (g> a| = \H a \ + V' a + F', where F 1 denotes the common 
fixed components, so every component of varies as a varies. We get a divisor 
V' on X x A such that V' a = V' a for general a £ A. Since \M\ has no fixed part, 
y' a < V Q , so V < V. By Proposition 14. 1 II V is irreducible, so V" = V. We can see 
that \H a \ is independent of general a £ A, and we are done. 

Now assume B x is of codimension > F Fake two distinct general points x, y G X 
such that 2Kx fails to separate them. 

Claim 4.13. V x = V y . 

Proof of the claim. Otherwise, we can take a contained in V x while not in V y , and 
such that —a is not contained in B y since coalim ^(B y ) > 1. It follows that V a 
contains x but y, and there exists D G \ojx(M) <g) which does not contain y. 
Therefore, the divisor V a + D + F G \2K x \ contains x but y, a contradiction to our 
assumption. □ 

If a is of degree 2, then a(x) ^ a(y) by Proposition 12. 71 thus IC X ^ K, y since 
they are not even linearly equivalent. Because V x = V y , so 1~L X ^ T-L y , which means 
there exists M G \M\ contains x but y. Therefore, 2Kx separates x and y, but this 
contradicts our assumption. 

For the remaining case, from Femma l4.7l it follows that ]C X ^ IC yi then similarly 
we get a contradiction. 

Step 2: Y is not a curve. 

Suppose that Y is a curve. Then Y == P 1 since A is simple and dim(X) > 2. 
Then M = g*G P i(k). Take a general M' G |g*Opi(l)|, which is irreducible and 
smooth. 
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Considering the following exact sequence 

-> u x -» w x (A//') -4 wm< -4 

tensoring a general a £ A and taking cohomology, we conclude that the restriction 
H°(X,u) X (M')) -» H°(M',ujm>) is surjective since if^X,^ ® a) = 0. Then by 
|wx(M') ® a | = | if | + V Q (this follows from applying the argument in Step 1 to M' 
instead of M), we have that 

\u>m> <8>a\ = \H\\ M > + V a \ M > 

And since A is simple, we conclude that V 1 (ujm' , o\m') is composed of at most finite 
isolated points if i > 0. 

Note that a(M') generates A again since A is simple. The morphism cl\m' ■ M' — > 
A has a factorization ttm' °o! M i : M' — > Am> — > A, such that (a' M ,)* : Pic (Am') — > 
Pic°(M') is an embedding and that -K* M ,Pic°(A) = Pic°(A M >). For a' M ,, Corollary 
14.41 (i) and (ii) are satisfied, and for a general a 6 Pic (Am 1 ) = ir* M iPic (A), 
\ojm' ® ol\ = \H\\m' + ^q|a/' holds. Applying Corollary 14^41 shows that a! M , 
Am 1 birationally maps M' to a theta divisor, in particular q(X) — q(M') + q(Y). 
Then Theorem 15.21 implies that X is birational to M' x P 1 , which contradicts that 
X is of general type. 

Step 3: Suppose that dim(Y) > 1. Then a general M £ \M\ is irreducible and 
smooth, and f(M) is of dimension > 1, thus h°(M, M\m) > 2. Similarly using the 
following exact sequence 

->• u>x ->• wv(Af) -> w A / -4 

we conclude that |wm ® a = \H\\m + V u \m for general a € A. By similar argu- 
ment as in Step 2, we prove that M is birational to a theta divisor of a p. p. a. v., 
and thus x( w m) = h°(M, if |m) = 1< However, since um <8> a > 2M|m, we have 
/i°(M, if | M ) > h°(M, 2M\ M ) > 2, a contradiction happens. □ 

Theorem 4.14. \2Kx\ separates the points over the same general point on A. 

Proof. Consider the diagonal map (a x <j>) : X — » A x pftOT— i. We assume 
this map is a morphism, and denote by Z the image. If the theorem is not true, 
then X --- > Z is not birational. Note that the Albanese map ax factors through 
X — > Z. Since x( w v) = 1, Theorem 13 . 2 1 implies that x(wz) = 0, so Z is birational 
to A by Theorem 13. II However, this contradicts Proposition 12. 71 □ 

Remark 4.15. When A is simple, R°^-p a (uJx) — 0^{~D) is a line bundle. We 
conjecture that y x is irreducible for general x G X . If that conjecture is true, then 
by Theorem \4-8[ the bicanonical map is of degree 2. Precisely, using the idea of 
|Zh) . we know that (f> factors through an involution a, and up to a translation on 
A, the quotient map X — > Xj (a) fits into the following commutative diagram 

X > X/(a) 



a a' 

A ► A/((-l) A ) 
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5. Appendix: An inequality on the fibrations of irregular varieties 

Let / : S —> C be a fibration of a smooth surface and F a general fiber. Beauville 
proved that q(S) < q(F) + q(C), and if q{F) > 2, then the equality holds if and 
only if S is birational to C x F ( [Beau] ) . 

For arbitrary dimension case, we have 

Theorem 5.1. Let f : X — > Y" be a fibration between two smooth ■projective varieties 
and F a general fiber. Then q(X) < q(Y) + q(F), and the kernel of the restriction 
map r : Pic°(X) — > Pic°(F) contains f*Pic (Y), as the whole component passing 
through the identity point £ Pic°(X). 

Proof. In [CHI! Cor. 3.5, the authors proved the inequality for Iitaka fibration. 
Using their notations for convenience, note that since albx(X y ) generates J by the 
definition of J ( |CH1) . Lemma 2.6), the natural map A(X y ) —> J is surjective. 
Then applying their argument we can prove q(X) < q(Y) + q(F). The remaining 
assertion follows from jCHlj Lemma 2.6. Also one can prove this theorem by use 
of [Lan] Chap. VIII Theorem 13 and Beauville's argument. □ 



Theorem 5.2. Let f : X —t Y be a fibration between two smooth projective vari- 
eties. Suppose that the general fiber X y is birational to a theta divisor F y of the 
p.p.a.v. Alb(Xy), and that q{X) — q(X y ) -\-q(Y). Then for general y, F y = F (i.e., 
F y is independent of y up to isomorphisms), and X is birational to F x Y . 

Proof. By Theorem 15.11 and the assumption q(X) = q(X y ) + q(Y), the restriction 
map Pic°(X)/ f*Pic°(Y) — > Pic°(X y ) is an epimorphism between two Abelian 
varieties of the same dimension, thus the kernel consists of finite torsion points 
which is independent of general y. Then we can see that Pic°(X y ) is independent of 
general y up to isomorphisms, so is its dual Alb(X y ). We can assume Alb(X y ) = A, 
and A has a theta divisor F such that F y = F. 

Note that / : X — >• Y has a birational model f':X'—>Y such that the general 
fibers are all isomorphic to F (X 1 arises from the Stein factorization of the diagonal 
map a x x / : X X' -> Alb(X) x Y). Since F is of general type, f':X'-*Y 
is birational to (F x Z)/G — >• Z/G where the action of G on the product F x Z is 
compatible with the actions on each factor (imitating the proof of |Lej Proposition 
1). Then again by q(X) = q(F) + q(Y), G induces a trivial action on H 1 {F, Of)- 

If we can show G acts on F trivially, then we are done. From now on fix the 
Albanese map a : F — > A, and take a £ G. By the universal property of Albanese 
maps, we obtain the following commutative diagram 

F^+F 



i.e., a extends to an isomorphism a of A fixing F. 

Since a acts trivially on H 1 (F,Of), cr acts trivially on H 1 (A, Oa), so it is 
nothing but a translation t a for some a £ A. Since F is a theta divisor, the 
morphism <f>p : A — > Pic (A) via a' i— > t* a ,F — F is an isomorphism. Then since a 
fixes F, we have t* a F = F, thus a = 0, this means a is identity. □ 
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